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Summary

e Weak formulation of Laplace
u€ Hy(Q) (Vu, V) =(f,6) Vo€ Hy(Q)
e Finite element Galerkin discretization
Vi =span{ep,..., 00 } CRY, up € Vi (Vup,Vén) = (f,én) You € Vi
e With u, = Y, u;¢! equivalent to

Au = b, Aij = (V¢] y v¢7h)7 bi = (fv (ﬁz)

Numerical complexity - 3/50
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Numerical effort Problem size

e For linear finite elements it holds

[ = up | oo () < ch®log(h)||V2ul| ()

We simplify by skipping the logarithm and assuming ¢ = 1 and ||V2u||ls = 1
= up | oo ) = h?

e Goal: reach tolerance € > 0, e.g. ¢ = 0.01

o=

lu — un| Lo () ~h’=e¢ & h=c¢

Regular mesh: o = 1/M and N = (M — 1)¢

d
2

1 1
h=¢2 & M=¢2 & N=e¢

The memory for storing matrix and solution grows with smaller tolerances

€| N(2d) Mem (2d) | N(3d) Mem (3d)

0.1 10 560 B 30 2.4 kB
0.01 100 5.6 kB 1000 72 kB
0.001 1000 56 kB 30000 2 MB

0.0001 | 10000 1/2 MB | 1000000 72 MB
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Numerical effort Time for solution

e Most simple linear solvers are based on Gaussian elimination

e For a full RV*N_matrix the effort scales like O (N 3)

If the matrix is a band-matrix with band-width B the effort scales like O (N . Bz)

Our model-matrix is a band-matrix with band-width

Bog= (M —1)~ N2, Byy=(M—-1)>2~N3

The solution time 7" in terms of € is

—1
Tog=€¢", T33=¢

e Number of operations in 2d and 3d & comparison with full Gaussian

band-matrix full matrix

€ 2d 3d 3d

0.1 10 3-10% 3-10%
0.01 100 107 109
0.001 1000 3-10%0 3101
0.0001 10000 1014 108

Numerical complexity - 5/50
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Numerical effort Sorting of the unknowns

e The efficiency of the Gaussian elimination applied to a sparse matrix strongly depends on the sorting
of the unknowns

e Use spy to show the sparsity pattern in matlab

e This is the result for a our model-matrix and three different sorting algorithms: random, CuthillMcKee,
(777 that’s the algorithm in Matlab)

- BT L Bk
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o We call the Gaussian eliminimation a direct solver: it is a simple algorithm that we use once and
we expect that the output is the solution

Alternatives to a direct solver

e Alternatively we use iterative solvers: instead of solving the problem we approximate the solution

T T e REE

Many solvers exist
e Simple fixed-point iterations like Jacobi, Gauss-Seidel, SOR, ...
u" ™ = u" + wC(b— Au™)
with the iteration matrix C' and the relaxation parameter w. Example Jacobi-iteration
u" =" + wdiag(A) (b — Au™)
i)y .

o Krylov-Subspace methods like CG (Conjugate Gradients), GMRES, BiCGStab, MinRes, ...
These are excellent and very robust ... but not topic of this class

e With Conjugate Gradient we can reduce the operation count for solving to

Os4/34 = O (N%) , Tog=e¢ 3, Tyy=c i

Solving linear systems - 8/50
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Jacobi-Iteration Approximation of Au =15

Given an initial guess u’ € RY (usually u® = 0) iterate
"t =" + wdiag(A)"Hb — Au™) /_ M

Lemma 1 (Error propagation) For the error e" = u™ — u it holds N+ ’( _.n
€ e {Q)D MM
" = [I —wD™ ' Ale"

where D = diag(A) is the diagonal of A. I 97(,( { ( (; / T/-, C(_)D—/’%/ /61/\/

What does “solving a linear system” mean?
e We must cancel the iteration after some steps

e Usually we prescribe a relative tolerance

A b & |- Au|e < tol||blloc

e Here tol =10~

Solving linear systems - 9/50
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Jacobi-Iteration Eigenvalues of the model matrix
B -I 0 --- 0 4 -1 0 -+ 0
-I B -1 . -1 4 -1
A=10 o> B=1{o 0
: -I B I S . |
o --- 0 —-I B o --- 0 -1 4

Lemma 2 The model matriz in 2d has the eigenvalues

Ai =4 — 2 (cos(khm) + cos(lhm)), i= () - Di+k

nd in 34 Cw) = SlnCIC,W‘l’lT &(MCZVI'AIT)

= ( rz—«) n +umn
Ai=6—2 (cos(kzhﬂ) + cos(lhm) + cos(mhm)) N i = (M — 1)*m + (M — 1) + k

The smallest and largest eigenvalues are bounded by

2d/3d __ ;2 2d
)‘mz‘n ~h ’ )‘maz

~8—h% A ~12 -2

max

Solving linear systems - 10/50
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Lemma 3 (Error estimate) Let w = 1. For the error e = u™ — u it holds

Jacobi-lteration Error estimate

[e" ] < (1= ch?) [le”
N ’ )
C = 2@&){' nél,/,/ 6”’
-\-7,{ ! Cf - /l [f >\(° (

A7

/ q
)c’he - /(“’ /‘-/" /el

o —_—
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Jacobi-Iteration Performance
Jacobi Gradient-Method Conjugate Gradients
N iter  time(s) N iter  time(s) N iter time(s)
100 499 0.001 100 499 0.02 100 14 0.001
400 1893 0.12 || 400 1893 0.11 || 400 38 0.01
1600 7460 1.42 || 1600 7461 1.43 || 1600 80 0.03
6400 30047 22.82 || 6400 30047 22.85 || 6400 164 0.21

30000 [

25600

20000

iter

15600

16000

5000 -

] 1600 2000 3000 4000 5000 6000 7000 ] 1608 2000 3000 4000 5600 6000 7000
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Jacobi-lteration Performance

The same, just logarithmic

Jacobi Gradient-Method Conjugate Gradients

N iter  time(s) N iter  time(s) N iter time(s)
100 499 0.001 100 499 0.02 | 100 14 0.001
400 1893 0.12 || 400 1893 0.11 | 400 38 0.01

1600 7460 1.42 || 1600 7461 1.43 || 1600 80 0.03
6400 30047 22.82 || 6400 30047 22.85 || 6400 164 0.21

10000

1660

iter

160

06.001

10 L L
168 1600 16000 160 1600 16000

Solving linear systems - 13/50
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Jacobi-Iteration Summary

e Jacobi is very simple
e Every iteration requires only one matrix-vector product

Tog = 5N, Tsy=TN

e But, the number of iterations increases with the problem size as the convergence rate gets worse and
worse

1

2
3

1
p=1-h" = pra=1——, psa=1-

Solving linear systems - 14/50
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Numerical complexity

e There is no better method than
O(N)

e General idea: cost = cost per iteration times number of iterations

e We have two options:
— Few (costly) iterations but very good convergence = Gaussian elimination

— Many (cheap) iterations but slow convergence = Jacobi

Multigrid - 16/50
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X/

g

Towards multigrid

Simple test

e Solve 1d-Laplace

0

e Initial guess " is random

e Perform some few steps -

AQX}( w_= /]

—
—_
’ (

ﬁ

Multigrid - 17/50
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Towards multigrid Step 0
1 . - - .
u

0.8 [ i

-a.B - o
i i i ; i

} 0.2 0.4 0.6 0.8 1

Multigrid - 18/50
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Towards multigrid Step 1

Multigrid - 19/50
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Towards multigrid Step 2

-8.4 . s . j

Multigrid - 20/50
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Towards multigrid Step 3

-98.3 L L L L

Multigrid - 21/50
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Towards multigrid Step 4

Multigrid - 22/50
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Towards multigrid Step 5

-8.2 L L L L

Multigrid - 23/50
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Towards multigrid Step 6

sol

-8.85

-8.1

-8.15 L L L s

Multigrid - 24/50



0TT0 VON GUERICKE DFG-Graduiertenkolleg
UNIVERSITAT MATHEMATISCHE

MAGDEBURG KOMPLEXITATSREDUKTION

Towards multigrid Step 7

Multigrid - 25/50
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Towards multigrid Step 8

sol

o4

-8.85

-8.1

Multigrid - 26/50
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Towards multigrid Step 9

sol

o4

-8.85

-8.1 L L L s

Multigrid - 27/50
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Towards multigrid

error

Multigrid - 28/50
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Towards multigrid Step 1

error

Multigrid - 29/50
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Towards multigrid Step 2

error

Multigrid - 30/50
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Towards multigrid Step 3

error

-8.4 . s . j

Multigrid - 31/50
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Towards multigrid Step 4

error

Multigrid - 32/50
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Towards multigrid Step 5

error

-8.3 L L L 1

Multigrid - 33/50
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Towards multigrid Step 6

error
-]
i

-8.85

-8.1

Multigrid - 34/50
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Towards multigrid Step 7

error
-]
i

-8.85

-8.1

Multigrid - 35/50
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Towards multigrid Step 8

error
-]
e

-8.85

-8.1

Multigrid - 36/50
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0

error

-8.85

-8.1

-8.15

-8.2

Multigrid - 37/50
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What happens in step 0 to step
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>
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sol

error

B

6.2

6.4

0.6

6.8

e Error decreases only slightly. But, approximation gets smooth

Jacobi is a bad solver but a good “smoother”

Multigrid - 38/50
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e The error analysis for Jacobi shows different convergence rates for different eigenvector contributions

N
n n
e :E e;w;
i=1

o
The convergence of component e’ is given by

M\
i< (1wt ) e
(4

Smoothing properties Jacobi

e With the eigenvalues (2d)
Ai =4 —2cos(khm) — 2cos(lhr), i=(M—1)l+k
and the eigenvectors

(wi)j = sin(kmhm)sin(inhr), i=M—-1)l+k, j=M-1)n+m

e High frequencies belong to large values of k and [ (large values of 7).

@J*)C)D = (7 [%’ﬂ'd

Multigrid - 39/50
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Smoothing properties High frequencies X/

Eigenvalues

Ai =4 —2cos(khm) — 2cos(lhr), i=(M—1)l+k
and eigenvectors
(wi)j = sin(kmhn)sin(inhr), i=(M —1)l+k, j=(M-1n+m
e All frequencies ¢ with k > M /2 and | > M/2 are called high frequencies

e It holds M
k1< - Nie(v—1y+k € (h%,4)
M
Fl> S Nimu-nign € (4,8 = 1)
e For the reduction rate \
i< (1wt ) e
17
=:pi
this is
M M
k,lgjz pi € (1 —w,1—wh? k‘,l§? Pi€(§71_h2)
A = (w=0.5)= Y 1
k,lzg: pi € (1—2w,1—w) k,lZ? pi6(0,5)

Multigrid - 40/50
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e All high frequencies are “smoothed” with a convergence rate that does not depend on the mesh size,
the problem size or something else:

Smoothing properties High frequencies

1 1
pi€(0,5) = p<g

k> <
2 2 2

Multigrid - 41/50



0TT0 VON GUERICKE DFG-Graduiertenkolleg
" UNIVERSITAT MATHEMATISCHE
"‘ MAGDEBURG KOMPLEXITATSREDUKTION

Smoothing properties Hierarchical Approach

e Smooth high frequencies on fine mesh €2, (some few steps):

° 0.2 6.4 0.6 0.8 1 0 6.2 0.4 6.6 0.8 1

o Transfer to coarse Mesh Qap, with Meoarse = Mfine/2

Multigrid - 42/50
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e Low frequencies on fine mesh (2}, are high frequencies on coarse mesh (op,

Smoothing properties Hierarchical Approach

0.3

0.2

0.1

°

error

0 0.2 0.4 0.6 0.8 1 8 0.2 0.4 0.6 0.8 1

Multigrid - 43/50



0TT0 VON GUERICKE DFG-Graduiertenkolleg
"5 UNIVERSITAT MATHEMATISCHE
" MAGDEBURG KOMPLEXITATSREDUKTION

Smoothing properties Possible benefits

e Only few (fixed number Cﬁ)‘) operations on fine mesh )y,

e Coarse mesh problem g is smaller (reduction by 4 in 2d and by 8 in 3d). Perhaps direct solver
possible?

Multigrid - 44/50
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2-Grid Method for solving Au = b Initial guess u(?), iterate t > 0

Two-Grid iteration

1. Smooth: yff) = S(Ah,bh,ug))

2. Defect: dglt) = by, — Ahy,(f)

3. Restrict to coarse mesh: dg) = th,(f)

4. Coarse Mesh Solution: ug) = Al_{ldg)

(t)

5. Prolongate to fine mesh: ugﬂ) = ug) + Pruyy

Theorem 1 (Two-Grid Iteration) Let A be the model matriz. There is a number vy > 0 that does not
depend on the mesh size h, such that the Two-Grid Iteration converges, if v > vy smoothing steps are
considered. For the convergence rate it holds

pre < po <1
on all meshes. Hence, to reduce the error by a certain fraction €
pfl=e = t=0(1)

steps are required.

Multigrid - 45/50
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e The idea is good, but the effort is only reduced by a small factor:

Two-Grid iteration Efficiency

TTg(N) =0 (N) + Tdirect(z_dN)

e If the direct solver is used we still get a quadratic scaling, only the constant is better

Multigrid - 46/50
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e Similar to Two-Grid. But we replace the coarse mesh solution by the multigrid algorithm itself

Multigrid General idea

e Hierarchy of Meshes
Qh:QL%QL_l—>'--—>Ql—>---—>Q0:QH

e Hierarchy of Problems
Ay =0b, 1=0,...,L, U,ZE]RNZ

Multigrid - 47/50
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Multigrid Algorithm

Multigrid-Method for solving Au = b on
Highest mesh level L. Initial guess ug)), iterate t > 0

ug) = MG(L,ugfl))

rvova—1
MG (I, w, by): UZ’_HA; utll + (/ /L M) (é’/l’u‘n)

if [=0
solve direct ug = Aglbo
else Z’ /6 R\ ,
1 v Q
1. smooth y; = 8" (A, b, wy) L - ’l f

2. residual d; := b — Apy; (6 ((
../CL

3. restrict d;_1 := R o ‘\J

4. coarsemesh solution with multigrid u;—; = MG(l —1,0,d;_1) (

5. prolongate z; := u; + Pruj_1 ZLimes W?c"(o &

6. smooth y? := S"2(A;, by, 21)

7. return y?

Multigrid - 48/50
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Theorem 2 Let, for a v > 1y, the Two-Grid iteration be uniformly convergent. Then, the Multigrid-
Iteration is also uniformly convergent with a convergence rate

»F Bra 8.4

Theorem 3 The numerical effort for reducing the error by a given fraction € scales like

Multigrid Algorithm

T =0(N)

&

Con (<)
o 0 @D é=/%/
Sug ©E&

%o &

Multigrid - 49/50
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thanks!
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